Low-order, explicit models of lithium ion cells are critical for real-time battery management system (BMS) applications. This paper presents a seventh-order, electrolyte enhanced single particle model (ESPM) with electrolyte diffusion and temperature dependent parameters (ESPM-T). The impedance transfer function coefficients are explicit in terms of the model parameters, simplifying the implementation of temperature dependence. The ESPM-T model is compared with a commercially available finite volume based model and results show accurate matching of pulse responses over a wide range of temperature (T) and C-rates (I). The voltage response to 30 s pulse charge-discharge current inputs is within 5% of the commercial code for 25 C < T < 50 C at I 12:5C and À10 C < T < 50 C at I 1C for a graphite/nickel cobalt manganese (NCM) lithium ion cell.
Introduction
Corporate average fuel economy standards of 54.5 miles per gallon will double the fuel efficiency of the U.S. fleet, save consumers $1.7 trillion in fuel costs, and reduce U.S. oil consumption by 12 Â 10 9 barrels [1] . This fuel efficiency standard is driving the automotive industry to rely more heavily on partially and fully electrified (battery and/or fuel cell) vehicles. Thomas [2] concludes that most of the vehicles in the U.S. will be hybrid electric vehicles (HEVs) and plug in hybrid electric vehicles (PHEVs) by 2034 and 2045, respectively. Li-ion batteries are the leading candidates for HEVs and PHEVs, as they offer 40-50% weight reduction and 30-40% volume reduction along with superior coulometric and energy efficiency compared to their closest rivals, Ni-MH batteries [3] . Hybrids require advanced and real-time BMS that ensure safe and efficient power utilization, estimate state of charge (SOC) and state of health, and balance cell strings [3] . Accurate cell models that capture the fast cell dynamics in HEVs are critical for high performance BMS design. BMS are often based on equivalent circuit models [4] [5] [6] [7] [8] [9] [10] that are relatively easy to implement but lack the important underlying physiochemical processes of the cell and require empirical parametrization for precise estimation. Physics-based electrochemical models, on the other hand, include important battery dynamics, are explicitly dependent on the physical cell parameters, and accurately predict the cell response [11, 12] .
A fundamental electrochemical model [13] [14] [15] could be an accurate and reliable candidate for model based BMS design. Computational time and expense of solving the underlying highly nonlinear and coupled partial differential equations (PDEs), however, limits their use in real time BMS applications. Reducedorder models have been developed by many researchers that predict the cell response with varying degrees of fidelity and model complexity. Smith et al. [12, 16] obtains a control-oriented, isothermal, reduced seventh-order model in state variable form using residue grouping that predicts internal battery potentials, concentration gradients, and enables SOC estimation from external current and voltage measurements. The numerical model order reduction process, however, does not provide explicit relationships between the cell internal parameters and the coefficients of the impedance transfer function [17] . Lee et al. [18] extend the work of Smith et al. by obtaining an analytic transfer function for electrolyte phase potential and concentration distribution. Klein et al. [19] propose an isothermal simplified PDE based model that assumes constant electrolyte concentration and approximates solid phase diffusion using three equations for volume average concentration, particle surface concentration, and average concentration, respectively. In subsequent paper [20] , temperature effect is included by solving the energy equation and incorporating temperature correction terms, resulting in good agreement with a hybrid drive cycle.
The single particle model (SPM) studied by many researchers [17, [21] [22] [23] [24] is a simplified, physics-based, fundamental model. The two cell electrodes are modeled by two spherical particles and associated diffusion equations are solved assuming average electrochemical reaction rate. The electrolyte dynamics are completely ignored by assuming instantaneous Li-ion transfer from one electrode to the other, leading to significant error at higher C-rates [17] . Rahimian et al. [25] propose an improved isothermal SPM by adding polynomially approximated electrolyte dynamics. Their improved SPM reduces to 13 differential algebraic equations and are solved in COMSOL Inc., Marcicki et al. [26] recently added first-order truncated electrolyte dynamics to a SPM from cell specific transcendental transfer function.
Most of the previously developed SPMs do not consider the electrolyte dynamics and are isothermal. Few researchers such as Refs. [25] and [26] attempted to incorporate the electrolyte dynamics into the SPM model. On the other hand, isothermal models can be highly inaccurate at low temperatures. A BMS capable of achieving excellent SPM model based SOC estimation at room temperature, for example, would produce erroneous results when cold (À10 C) starts. This paper: (i) incorporates electrolyte dynamics into a conventional, isothermal SPM of a Liion cell; (ii) simulates the performance compared to a commercial code (EC Power, AutoLion-ST performance of this ESPM-T effect. Integral method analysis (IMA) is used to solve the Li-ion diffusion equation in the electrolyte domain. Advanced order reduction techniques of parabolic diffusion equation such as approximate inertial manifolds and the use of empirical eigen functions can be found in Refs. [27] and [28] . Temperature is an input to the ESPM-T model so the heat transfer dynamics are not included. On boarding a vehicle, the cell temperature can be measured. In the simulated performance comparisons, the cell temperature is provided by AutoLion-ST. Figure 1 shows the three domains of the pseudo 2D Li-ion cell model: Porous anode with spherical graphite particles, porous separator, and porous cathode with spherical active material particles (e.g., lithium NCM oxide, lithium cobalt oxide (LCO), lithium manganese oxide (LMO), or lithium iron phosphate LFP). The electrolyte is typically 1.2 M LiPF 6 in propylene carbonate (PC)/ ethylene carbonate (EC)/dimethyl carbonate (DMC) and saturates all three domains. A microporous polymer or gel polymer separator isolates the direct electron path between the positive and negative electrodes, but allows Li-ions to diffuse through. Aluminum (Al) and copper (Cu) foil current collectors are attached at the ends of positive and negative electrodes, respectively.
Mathematical Modeling
During discharge, Li-ions deintercalate from the negative electrode
and intercalate into the positive electrode for LMO active material particles
where M stands for a metal. The opposite reactions occur during charge.
Governing Equations.
The electrochemical model of a Li-ion cell can be described by four governing equations: Conservation of Li-ion (Li þ ) and conservation of charge (e À ) in both the solid and electrolyte phases. Conservation of Li þ in a single, spherical, solid phase particle is described by Fick's law of diffusion
where c s ðx; r; tÞ : ð0; LÞ Â ð0; R s Þ Â R þ ! ½0; c s;max is the concentration of Li þ in the solid particle. The model parameters are defined in Table 1 . The rate at which ions exit or enter the particle equals the volumetric reaction rate at the particle surface, j Li , and zero at the particle center, written as the boundary conditions
where j Li > 0 for ion discharge and the interfacial surface area, a s ¼ 3e s =R s ð Þ. Equations (3)-(5) are applied on a continuum basis across both electrodes. The solid phase potential depends on the particle surface concentration, c s,e (x, t) ¼ c s (x, R s , t). Diffusion in Cartesian coordinates governs the conservation of Li þ in the electrolyte phase
where c e ðx; tÞ : ð0; LÞ Â R þ ! ½0; c e;max is electrolyte concentration and e e and D e are different in each domain (anode, separator, and cathode). The Bruggeman relation D 
Conservation of charge in the solid phase of each electrode is
where solid phase potential
The fields at the current collectors are proportional to the applied current and zero at the separator
where I > 0 indicates discharge. The effective conductivity of the solid phase r eff can be calculated from r eff ¼ re s , where r is the reference conductivity of the active material. The linearized electrolyte phase charge conservation equation [13] [14] [15] 
where
The Bruggeman relation j eff ¼ je
e calculates the effective ionic conductivity of individual domain. The effective diffusional conductivity
according to concentrated solution theory. Butler-Volmer (B-V) kinetics
couple the four conservation Eqs. (3), (6), (13), and (16) describing the four field variables c s;e ; c e ; / s , and / e . Overpotential
drives the electrochemical reaction rate. The exchange current density in Eq. (24) Finite difference discretization of the governing Eqs. (3)- (22) can produce hundreds of state equations, requiring expensive computation for on-board estimation and control. To reduce the model order for real-time computations, we use efficient discretization techniques and retain only the most significant dynamics of the full order model.
Low-Order ESPM Formulation.
In a conventional isothermal SPM, current density is assumed to be uniformly distributed across each electrode. Thus, all the active material particles are in parallel and each electrode can be replaced by a single spherical particle with radius R s but Li-ion storage capacity is equal to the electrode storage capacity. The electrolyte dynamics are neglected, resulting in under predicted voltage swings and transients. The assumptions of the ESPM are: (i) infinite solid phase conductivity in the individual electrodes resulting no ohmic loss, (ii) uniform current distribution in the individual electrodes, (iii) linearized conservation equations in the electrolyte domain, and (iv) all properties are evaluated at the equilibrium point (at 50% SOC). Assumptions (i), (ii), and (iv) are also used in SPM models.
Conservation of Li in the single electrode particle for the SPM is solved by taking the Laplace transform of the particle diffusion (Eq. (3)) and applying boundary conditions (4) and (5). The solid state diffusion impedance transfer function at the particle surface of a spherical particle is
and the tilde indicates a small perturbation from the equilibrium condition [33] c s;e ðtÞ ¼ c s;e þc s;e ðtÞ. Note that at equilibrium, g; j, and c e are zero so, tildes are unnecessary. Capital letters indicate a variable has been Laplace transformed. Conservation of charge in the electrode (Eq. (13)) is simplified by integrating in each electrode domain and applying the boundary conditions (14) and (15) . The final transfer functions are
where the assumed uniform current distributions are defined as J
sÞdx, in the positive and negative electrodes, respectively. Using Eqs. (28)- (30), the solid phase surface concentrations arẽ
in the positive and negative electrodes, respectively. These transcendental transfer functions are infinitely differentiable and can be discretized using a Pad e approximation [34, 35] . Prasad and Rahn [17] experimentally validated a third-order Pad e approximation with a 10 Hz bandwidth, sufficiently high for current electric vehicle applications. The third-order Pad e approximations of Eqs. (31) and (32) 
The linearized B-V Eq. (24) is
where the charge transfer resistance, (29), (30) , and (35),
Combining Eqs. (25) and (27) 
where c 0;n ; c 1;n ; …; c 2;p are the coefficients of the quadratic concentration distributions in x. Note that Eqs. (43)- (45) are thirdorder in time/Laplace domain. These quadratic distributions are substituted into Eqs. (40)- (42), integrated and applied the associated boundary conditions (7)- (12) . Solving the nine equations for the nine unknown coefficients in Eqs. (43)- (45) 
where the coefficients p 0;n ; p 1;n ; …; q 3;n are given in Appendix A. Now substituting Eqs. (29) and (30) into Eq. (16), the electrolyte charge conservation equations in the three domains of the cell are
where 
This situation can be avoided by defining electrolyte voltage difference relative to / e ð0; sÞ [3, 11, 16] . We define the electrolyte phase voltage differences 
where C 1;n ; …; C 2;p are constants of integration. Equations (52)-(54) are solved analytically using the associated boundary conditions (18)- (22) . After further simplification, the electrolyte phase potential difference is D/ e ðL; sÞ IðsÞ
The coefficients R 0 ; …; L 2 are listed in Appendix A. Equations (33), (34), (36), (37) , and (55) are substituted in Eq. (39) to deduce the final ESPM impedance transfer functioñ
where the coefficients a 01 ; …; a 06 ; b 00 ; …; b 06 ; K; K 1 ; andK 2 are explicitly given in terms of the model parameters in Appendix B.
ESPM With Temperature Effect (ESPM-T).
The transfer function (Eq. (56)) is converted to a state space realization using observer canonical form [39] which produces seven ordinary differential equations. For isothermal ESPM simulation at a particular temperature all the coefficients are constants and lsim in MATLAB simulates the test response. For nonisothermal case (ESPM-T) the coefficients are updated with cell temperature obtained from AutoLion-ST output at every time step and simulated using ode45.
For the gr/NCM chemistry simulated in this paper, most significant temperature dependent parameters are solid phase diffusion coefficient, exchange current density, electrolyte diffusion coefficient, electrolyte ionic conductivity, and electrolyte diffusional ionic conductivity. Arrhenius equation
is used to calculate solid particle diffusion coefficient and exchange current density. The temperature dependent property w e:g:; D 
where j C and 50% initial SOC corresponding to the pulse current input in Fig. 2(e) . The zoomed in Fig. 2(a) shows that the SPM response deviates significantly from the ESPM and AutoLion-ST voltage responses, even at lower C-rates. The ESPM voltage response, however, closely matches AutoLion-ST, including 20 C-10 s pulses (see zoomed view in Fig. 2(b) ).
Figure 2(d) shows the time response of the electrolyte potential D/ e ðtÞ ¼ / e ðL; tÞ À / e ð0; tÞ is strongly C-rate dependent. This internal variable can not be predicted by ECMs. The ESPM, however, is based on the fundamental equations of the cell and internal variables such as D/ e ðtÞ can be predicted. The ESPM predicts electrolyte potential difference accurately at low C-rates but has almost 50% (314 mV) error at high C-rates. The quadratic concentration distributions and constant current distributions contribute into this error at higher C-rates. Although D/ e ðtÞ is underpredicted by the ESPM, it is a significant improvement over SPM which neglects electrolyte dynamics entirely.
One can tune the SPM contact resistance to account for the unmodeled electrolyte dynamics. At higher C-rates, however, the SPM voltage response overshoots the AutoLion-ST voltage response due to the neglect of electrolyte diffusion dynamics [17] . Although ESPM underpredicts D/ e ðtÞ at higher C-rates, the ESPM's voltage accurately matches the AutoLion-ST's voltage (see Fig. 2(b) ). Overprediction of overpotentials resulting from the linearization of the B-V kinetic equation compensates for the underpredicted D/ e ðtÞ. The maximum voltage error between the ESPM and AutoLion-ST is 3% (62 mV) for the 20 C-10 s pulse. Fig. 3(c) ), (b) magnified voltage during 15 C pulse (right box in Fig. 3(c) ), (c) voltage response, (d) SOC, and (e) pulse current input C and 50% initial SOC: (a) magnified voltage during 8.5 C discharge pulse (left box in Fig. 2(c) ), (b) magnified voltage during 20 C discharge pulse (right box in Fig. 2(c) ), (c) voltage response, (d) electrolyte potential difference, and (e) pulse current input 3.2 Performance of the ESPM Away From the Linearized Point. To test the validity of the ESPM away from the linearization SOC, Fig. 3 simulates a hybrid current cycle operating in a larger 35-65% SOC window. Figure 3(c) compares the voltage responses of the ESPM and AutoLion-ST for the current input shown in Fig. 3(e) . Figure 3(d) shows the corresponding SOC swing. Worst case scenarios at the highest and lowest SOCs are presented in the zoomed in Figs. 3(a) and 3(b) , with 20 C-10 s and 15 C-15 s pulses, respectively. The voltage error increases with distance from the linearization point and increasing C-rate. The increased error is caused due the B-V linearization and constant properties assumptions (at 50% SOC) in the ESPM. Nevertheless, the maximum error between the ESPM and AutoLion-ST voltage responses remains less than 4.3% (137 mV) during the entire simulation. Figure 4 shows the influence of cell initial temperature on the voltage response by comparing the simulation results from ESPM, ESPM-T, and AutoLion-ST. The cell temperature, as predicted by AutoLion-ST starts at 10 C and increases under adiabatic conditions to a temperature limit of 25 C over the course of the simulation. The AutoLion-ST model includes a cooling system that prevents the cell temperature from exceeding 25 C. The ESPM is isothermal at 25 C and the ESPM-T temperature dependent physiochemical properties are updated using the AutoLion-ST output temperature as one could use a temperature sensor on-board a vehicle. ESPM voltage response does not match the AutoLion-ST results at low temperature, even at low C-rates. The highly distributed current along each electrode due to sluggish reaction kinetics, reduced electrolyte diffusivity, and ionic conductivity may attribute the voltage difference at low temperatures. As the cell temperature approaches 25 C, ESPM and ESPM-T produce identical voltage responses that closely match AutoLion-ST voltage response. The magnified Figs. 4(a) and 4(b) at 2.5 C and 20 C, respectively, show the relative agreement of these simulation methods. Overall, ESPM-T matches AutoLion-ST to within 3% (62 mV) for the entire 10 C-25 C temperature range and up to 20 C rates. Figure 5 shows that the accuracy of the ESPM-T model depends on both current rate and C initial temperature and 50% initial SOC: (a) magnified voltage during 2.5 C discharge pulse (left box in Fig. 4(c) ), (b) magnified voltage during 20 C discharge pulse (right box in Fig. 4(c) ), (c) voltage response, (d) cell temperature, and (e) pulse current input temperature. In this simulation, the cell starts at 0 C and, under adiabatic conditions, the temperature grows to 25 C. Low temperature and low C-rate (t < 200 s) produces modest errors. Moderate C-rates at low temperatures produce large errors and high C-rates at higher temperatures produce the least errors.
Comparison of ESPM and ESPM-T With AutoLion-ST Under Nonisothermal Conditions.

Operating Range of ESPM-T.
To identify the working range of ESPM-T, we separate the Crate and temperature effects by simulating constant hybrid pulse cycles at different temperatures. The temperature range is from À10
C to 50 C for 1 C, 2 C, 5 C, 7.5 C, 10 C, and 12.5 C constant hybrid 30 s pulse cycles. Figure 6 shows an example case of adiabatic simulation of 7.5 C-30 s pulse charge-discharge cycle. As the cell temperature increases with time, the initial voltage error between the AutoLion-ST and ESPM-T diminishes. Figure 7 summarizes the maximum voltage error relative to AutoLion-ST at different C-rates versus cell temperature. Each curve is for a different C-rate pulse cycle as shown in Fig. 6(c) . As the cell warms up due to cycling, the temperature increases and the maximum voltage error for the corresponding pulse is evaluated. The error eventually decreases with increasing temperature and decreasing C-rate, although the error increases slightly for T > 25 C due to slight asymmetry between charge and discharge voltage errors. To maintain errors less than 1% requires T > 17 C and I < 5 C. If 5% errors are acceptable then 12.5 C is possible for T > 25 C and 1 C for T > À10 C. The solid dot in Fig. 7 corresponds to the solid dot in Fig. 6(a) .
Computation time of a 20 min simulation at 1 Hz sampling rate on an Intel V R Core TM 2 Quad 2.4 GHz desktop computer of AutoLion-ST and other reduced-order models are shown in Table 2 . ESPM and ESPM-T models are, respectively, 11.9 and 5 times faster than AutoLion-ST in this case.
Conclusion
The traditional SPM neglects electrolyte diffusion only provides satisfactory performance over narrow C-rate and temperature ranges. Using only seven states, the ESPM developed in this paper includes an IMA model of electrolyte diffusion and matches the AutoLion-ST pulse response up to 20 C at room temperature with 3% (62 mV) error. The ESPM linearized at 50% SOC, has slightly higher voltage error (4.3%/137 mV) for wider SOC swing (35-65%). The ESPM-T model updates the ESPM parameters with temperature, maintaining the voltage response to pulse charge-discharge current inputs to within 5% of the AutoLion-ST for 25 C < T < 50 C at 12.5 C and À10 C < T < 50 C at 1 C.
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Factoring out one integrator, Eq. (B2) can be written as
(B3) where
After further manipulation of Eq. (B3), the final equation suitable for state space realization can be written as follows: 
